#2  Algebra and Analytic Geometry

I.  Introduction

Next to geometry, the subject of algebra is the oldest in mathematics.  The earliest attempts to create and solve equations for specific purposes began over a thousand years ago.  However, these attempts proved to be quite limited in scope and were seriously compromised by peculiar choices of notation.  Much progress was made, beginning 400 years ago however, and by the time of Descartes, a clear standard for representing equations and formulas had been found.  Descartes realized that geometric figures could be represented (exactly) by algebraic formulas using a coordinate system.
  This ushered in the development of analytic geometry.  The astounding success of algebra, coupled with the practical and intuitive nature of analytic geometry, all but eliminated the need for solid geometry, a subject which had been the main pillar of mathematical thought since the time of Euclid in 300 BC.  Today algebra has become the basis for nearly all of mathematics.  It has been extended to what is now called modern or abstract algebra.  Modern algebra is concerned with the fundamental or general properties which we use when we solve equations and combine things algebraically. It is conerned with such structures as groups, rings, and fields.  

II. Polynomials

One of the most important type of function used in algebra is the polynomial.  The general form of the polynomial is 
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where 
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 and where n = 0,1,2,….  If we set f(x) = 0, then we get a polynomial equation (not function). Thus, 
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is called a polynomial equation of the nth degree. Note that the lead coefficient has bene set to unity by dividing through both sides of the equation by 
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.  This is called normalization of the equation. 

For the polynomial function, if n = 0, then we have the constant function 
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.  Whereas, if n = 1, then the function is linear (affine), which can be written as 
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.  Still yet, if n = 2, then we have a quadratic function, which can be written as 
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The Fundamental Theorem of Algebra states that, for any nth order polynomial equation, there will exist exactly n (possibly complex) roots.  This means that every polynomial equation can be factored as
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where 
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 are called the roots of the polynomial equation.  The Fundamental Theorem of Algebra proves that such roots exist, but it does not provide a method for finding these roots in any simple way.  Most of the time, we will be interested in actually finding the λ's, not simply proving they exist.

A simple example of this theorem is the polynomial equation

Example:  

Suppose we have the polynomial 
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.  This can be factored as

[x-(2+3i)][x+(2-3i)][x-1] = 0  implying the roots  λ1 = 2+3i,  λ2 = 2-3i,  and

λ3 = 1.  Therfore, the 3rd order polynomial can be factored into three roots, one real and the other two complex.  The two complex roots λ1 and λ2 are complex conjugates (i.e., λ1 + λ2 = 0 ) and this will occur everytime there is a complex root.  That is, complex roots of polynomial equations come in conjugate pairs.   ■  

An important concept in algebra is the notion of a closed form solution. For example, when we have a quadratic equation like
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we can immediately write the two roots λ1 and λ2 using the closed form solution 
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Unfortunately, such closed form solutions do not exist for polynomial equations where n
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5.  In such cases, we can only hunt for the roots of the equation using iterative or approximte methods.  The most famous of these methods is called the Newton-Raphson method, which will not be discussed here.   

The roots of a polynomial are the values of x where the graph of the polynomial cross the horizontal axis.  Clearly, the polynomial is a continuous function, and therefore if the slope of the polynomial is positive (negative)at one root, it will be negative (positive) at the adjacent roots. 

III. Rational Expressions

A rational expression is defined as the ratio of two polynomial functions.  For example, the numerator may be a polynomial of order q, while the denominator might be a polynomial of order r.  We can write such a rational expression as
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where we assume that x is restricted in such a way that the denominator is never zero.  If q
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r, then we say the rational expression is a proper rational expression.  If q>r, then Q(x) and improper rational expression. 

All improper rational expressions can be written as proper rational expression plus a polynomial through the use of synthetic division.  Synthethic division is easily understood through the use of an example.
  Suppose that you wish to divide the polynomial 5x3- 8x2 + 9x + 12 by polynomial (x-3).  This ratio would be considered an improper rational expression since 3 is greater than 1.  We can write this as
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Use of synthetic division allows us to write 
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Synthetic division is particularly useful in time series econometrics since rational (lag) polynomials arise naturally in the construction of time series models. 

Another particularly useful tool which is commonly used with rational expressions is the method of partial fractions.  To see how this works, consider a simple (proper) rational expression,
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The denominator of this expression can be factored and the entire expression rewritten as
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Suppose now that we wish to write this by “splitting” the denominator in such a way that we get
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 for some particular A and B values.  Which A and B values work?  This is called the method of partial fractions.  To solve this, we multiply A by (x-4) and B by (x+3).  We then note that A+B=1 and 3B-4A =-2.  In general, this will give us unique values for A and B.  In the above example, A=
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.  The method of partial fractions allows us to separate the bottom of the fraction into a more convenient form.  Sometimes the method must be extended somewhat.  Take for instance the following example 
Example:  Find A and B such that 
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Note that to solve this problem the second fraction must be multiplied by x.  The answer to this problem is obviously A = 1 and B = -1.  ■ 
IV. Inverse Functions

A continuous function f(x) which is monotonic (always increasing or decreasing) has an inverse f -1(x) such that f (f -1(x))
[image: image23.wmf]º

x.  The “three bar” equality means that it is true for every value of x and the equation is called an identity in x.  It is assumed that the student is familiar with the composition of functions.  In general, f(x) and g(x) defined on appropriate domains imply a composition of functions h(x) = f(g(x)). To find an inverse one can follow the steps below:

(1) Place x where y is, and place y where x is, in the function  
(2) Solve the resulting equation for y.
As an example of this, consider the function y = f(x) = 1/(1+x)
Following the steps above, we would (1) interchange x and y in the function to get 

x = 1/(1+y).  We would then (2) solve for y to get y = (1-x)/x.  Thus, we can write the inverse of f(x) as f -1(x) = (1-x)/x.  To check if we have done things right we could try the composition f (f -1(x) ) to see if we get x identically.  This is easily seen to be true. 
V. The Binomial Theorem

A famous theorem in mathematics which has profound implications for applied work is the binomial theorem.  The question surrounding the binomial theorem has to do with a simple formula --- y = (a+b)n.  The binomial theorem states that this formula can be written as a finite sum whose coefficients follow a particular pattern.  The finite sum is as follows
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where 
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 and 
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The symbol k! is read “k factorial” and is just the product of the first k natural numbers.  By definition, the symbol 0! = 1 always.  

Example:  It is easy to see that (a+b)3 can be written as 
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The binomial theorem makes it easy for us to write out the finite sum for something like (a+b)6, which is 
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One can easily see that the coefficients on the binomial expansion are symmetric, rising then falling.  The binomial distribution in probability theory can be obtained from this expansion by assuming N outcomes, each distributed between two mutually exclusive possibilities having (positive) probabilities a and b, respectively.  If we assume a + b = 1, we arrive at the binomial probability mass function.  Thus, we get the following for n = N 
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for  i = 0, 1, 2,… , N.
VI.  The Exponential and Logarithmic Functions
Suppose that you calculate the following expression for increasingly larger values of N.
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Here is a short table showing the progression of values.

N              f(N)
1             2.0000

10            2.5937

100           2.7048

1000          2.7169

10000         2.7181

100000        2.7182

The values of the function f(N) for increasing N continue to change as N grows larger, but the changes get smaller and smaller.  We say that f(N) approaches a limit as N goes to infinity. This limit, which is surely one of the most famous in all of mathematics, is called Naperian’s constant and is more commonly known as “e”.  Here is “e” to 9 decimal places:

e 
[image: image31.wmf]»

 2.718281828..

You might think that the pattern 1828 in the decimal continues to repeat itself.  You would be wrong, since e is an irrational and does not have a repeating decimal.  In fact it is what is called a transcendental irrational number which means that it is not the solution to any polynomial equation with rational coefficients.

If we change f(N) to be defined as 
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we find that as N goes to infinity, 
[image: image33.wmf])

,

(

N

x

f

 goes to a function which we call the exponential function and which we write as
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 EMBED Equation.3  [image: image35.wmf]x

e

x

g

=

)

(


The exponential function has some remarkable properties.  The most important is the following property:
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true for all values of x.  Except for the function which is identically zero for all x, the ONLY function which is equal to its derivative is the exponential function ex.  

If we take the exponential function to a power, we get a new exponential function.  For example, taking the square root of ex gives us
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In general, we can write the exponential function as
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which has the property 
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The above equation is known as a differential equation because it is an equation involving the function g(x) and its derivative 
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An approximation to the exponential function can be written as
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Given this approximation, we can draw the function h(x) for α=0, which looks like the following:
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One particularly important function takes the exponential function to the – x power.  That is, we consider the function 
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The graph of this function is given below, where again we are using an approximation for the irrational number e.
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This is the so-called bell shaped curve which is often used in statistics.  The actual formula for the one used in statistics is a little bit different and is written as
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and is called the standard normal probability density function.  It is a probability density because it is non-negative everywhere and the area under the curve is equal to one.  

The natural logarithmic function can be defined as the following:

ln(x) = Area under the curve f(x) = 1/x between 1 and 1+x.

Therefore, ln(x) is equal to 


[image: image47.wmf]ò

=

x

du

u

x

1

1

)

ln(


A graph of this is given below.

[image: image48.png]f(x) = Ux





Note that ln(1) = 0 since the red area in the graph above shrinks to zero as x moves closer to unity. Another important property of the logarithmic function ln(x) is that its derivative is equal to 1/x.  To see that dln(x)/dx = 1/x, consider the graph below.  
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1 dx 2

Green Area approx. equal to dx/x
and
Green Area exactly equal to din(x)

Thus, din(x)/dx = Ux




The graph shows clearly that in the limit, dln(x)/dx = 1/x.  The differential form of this is very useful in economics and is written as

dln(x) = dx/x

which shows that the difference of the log of x is equal to the growth rate of x. What this means is that when we have time series data xt then we can compute (approximately) the growth rate of xt by computing Δln(xt) = ln(xt) – ln(xt-1).

Example:  Suppose that we have data on xt given as

 t   xt     growth rate of xt = Δxt/xt-1     approx. growth rate of xt = Δln(xt)
1   0.95           --------                 ---------------------

2   1.01           0.06315                   0.06124
3   1.07           0.05940                   0.05771
4   1.09           0.01869                   0.01852
Note how that the approximation is better when the change in xt is relatively small.
                                                                   ■ 

Using the fact that the derivative of ln(v) =1/v, which we developed above, and the chain rule of differentiaion, we find that 
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Which implies that ln(ex) = x + C.  However, we know that ln(1) = 0, and therefore we know that C = 0.  This implies that

ln(ex) = x

and therefore the ln(x) function is the inverse function of the exponential function ex.  It follows from this that ln(e) = 1. 
We can use partial differentiation to show another fact about the log function.  Suppose that we consider f(u,v) =log(uv).  The two partial derivatives can be written

fu = 1/u    and   fv = 1/v
But, the exact same result will occur for the function g(u,v) = log(u) + log(v) + C.

gu = 1/u   and   gv = 1/v.

Now, since the derivatives agree identically for every u and v, this means that f(u,v) = g(u,v) and therefore we know that

ln(uv) = ln(u) + ln(v) + C.  Moreover, if we let u = v = 1, then this proves C = 0.  It follows that

ln(uv) = ln(u) + ln(v)
The same logic can be used to show that ln(u/v) = ln(u) – ln(v).  In fact, we can use the equality of derivatives to show that 
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Remark:  The elasticity of demand can be written using logarithms. Here’s how to do it easily and clearly.   Suppose that demand can be wriiten Q = Q(P).  We can now do the following:

                  ln(Q) = ln(Q(P))

                       = ln(Q(eln(P)))  since ln(x) and ex are inverse functions.

Therefore, by the chain rule, we have that
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                                                          ■
� EMBED Equation.3  ���








� It is said that Descartes got his idea of a coordinate system by watching a fly moving around on the ceiling of his bedroom. 


� An alternative and equivalent discussion of synthethic division can be found at the website � HYPERLINK "http://www.mathwords.com/s/synthetic_division.htm" ��http://www.mathwords.com/s/synthetic_division.htm�   
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