#5  Complex Variables
I.  Introduction

The complex number system is merely a logical extension of the real number system.  The set of complex numbers includes the real numbers and still more.  All complex numbers are of the form

x + iy

where i = 
[image: image1.wmf].
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  In other words i2 = -1.  If y = 0, then the complex number x + iy becomes the real number x.  This is why we say that the complex numbers are still "more" than the reals.  The real numbers form a proper subset of the reals.  We do not mean that the complex numbers are more numerous.  We simply mean that they subsume the reals. 

Because there are two real numbers ( x and y ) associated with each complex number, we are able to depict complex numbers using a plane, as opposed to the reals which are depicted on a line.  Unlike the real number system, complex numbers are not ordered.  This means that it is not meaningful to say z1 < z2 in the complex number system, even though such a thing is posssible in the reals. 

It is possible to define addition and multiplication of complex numbers in the following intuitive ways:

         Addition:      (x1+iy1) + (x2 + iy2)  =  (x1+x2) + i(y1+y2)

         Multiplication:  (x1+iy1)(x2+iy2)     =  (x1x2 – y1y2) + i(x1y2+x2y1)

The complex number 0 + i0 is the complex counterpart of zero in the reals.  It is the complex additive identity.  We will at times simply denote it as 0.  The multiplicative identity is equal to 1 + i0, which we will at times denote as 1.     

A complex number can be written as z, so long as we understand that z = x + iy.  It is possible to discuss subtracting and dividing complex numbers.  For example, 

z1 – z2   =  (x1+iy1) + (-x2 + i(-y2))      =   (x1 - x2) + i(y1 - y2)
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In addition to the basic operations of addition, subtraction, multiplication, and division, we can also perform more complicated operations – such as taking the square root. 
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z

= a + ib  where (a+ib)(a+ib) = z1 = x1 + iy1 .

Example:  Find 
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Note that there are two solutions:  
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To check this we note that (2+i)(2+i) = 3 + i4 as is the case with –2-i. 

It is not hard to show that there will be exactly two complex square roots for any (nonzero) complex number.
The complex conjugate of a complex number z = x + iy is denoted 
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and is defined as (x – iy).  The modulus of a complex number is defined as 
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II. Representation in the 2-Dimensional Plane

Each complex number can be written as z = x+iy.  This means that we can associate an ordered pair (x,y) with each and every complex number z = x+iy.  Luckily, this gives us a graphical representation of the complex number system. We can visualize the complex numbers.  The 2-dimensional plane that represents the complex numbers is sometimes called the Argand plane but was first employed by Gauss.  The horizontal axis represents the real numbers which is a 1-dimensional subspace of the plane. The vertical axis represents "pure" complex numbers; or numbers which have no real part, x.  A good question is whether or not the complex numbers (field) is isomorphic to R2 under addition and multiplication.   

The unit circle plays an important role in complex numbers since any (non-zero) complex number can be written as a scalar multiple of its corresponding point on the unit circle.   For example, the point z = x + iy is a (x2 + y2) - multiple of 


[image: image10.wmf]2

2

2

2

y

x

y

i

y

x

x

+

+

+


which lies on the unit circle.  Seen in this way, the unit circle can generate the entire set of complex numbers through the appropriate multiplication of scalars to points on the unit circle.  This is analogous to a point on the real number line (e.g., 1 and –1 ) being able to generate any other number on the real number line by the appropriate multiplication of a scalar.  The unit circle is not unique in this regard, though.  Other types of geometric objects containing the origin can do this as well.  The value of the circle is that each point on the circle is equidistant from the origin and this distance is equal to 1.  Note that the real numbers 1 and –1 have distance from zero equal to unity and can generate any real number through multiplication of a scalar.  It is interesting, in this regard, that the inverse of a complex number involves the normalization of both the real and (negative) imaginary parts of the number.  That is, the denominator is the formula for a circle.  

The unit circle separates the plane into two regions.  The set of points that are strictly inside the circle (called the open unit disk) and the set of points on and outside the unit circle.  The interior of the unit circle (i.e. the unit disk) is particularly important to the stability of certain difference equations.  It is similarly involved in determining whether a time series is covariance stationary. 
III.  Functions of a Complex Variable

We can define complex valued functions of a complex variable.  That is, the domain of the function is the complex variable field and the range is also the complex field. We can write this as 

w = f(z)

where both w and z are complex numbers.  Such functions have complex numbers as parameters, as well.  For example, we can write the following function
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Clearly, w is complex, as is z.  The parameter zo is also complex, but it is a fixed complex number.  Note how that u and v have become real multivariate functions of x and y.  That is,
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As x and y run over all the values in R2, both u and v are determined, and hence z is determined accordingly.  This complex z then determines the value of w. 
One of the most useful of all the complex functions is the exponential function.  This function has a straigtforward relation to the trignometric functions.  We can understand this relation by using a MacLaurin series for the ex function.  To begin with 
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Which, if we substitute iθ for x, we get

                    
[image: image15.wmf]L

+

+

+

=

!

2

)

(

!

1

)

(

1

2

i

i

e

i

q

q

q


                       
[image: image16.wmf]L

!

6

!

5

!

4

!

3

!

2

!

1

1

6

5

4

3

2

q

q

q

q

q

q

-

+

+

-

-

+

=

i

i

i


                       
[image: image17.wmf]}

!

7

!

5

!

3

!

1

{

}

!

6

!

4

!

2

1

{

7

5

3

6

4

2

L

L

i

i

i

i

q

q

q

q

q

q

q

-

+

-

+

-

+

-

=


                       
[image: image18.wmf])

sin(

)

cos(

q

q

i

+

=


Note that the point ( cos(θ), sin(θ) ) is on the unit circle and as θ runs from 0 to 2π, the point moves completely around the circle in a counterclockwise fashion. We can therefore write any complex number as a scalar multiple of eiθ.  Usually this is written as

z = x + iy = rcos(θ) + i rsin(θ) = reiθ
with θ = arctan(y/x) and r2 = x2 + y2. 

The complex exponential and its relation to the trigonometric functions is of the greatest imporance in of mathematics.  It is incredibly useful and leads to some rather extraordinary and unexpected results. 

For example, it allows us to easily compute the following real number

z  =  ii 
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.  It also allows us to write out the logarithm of a negative number, which was a great controversy during the time of Euler and Leibnitz.  That is, we can write 
z  =  ln(-1)  =  iπ
from which all other negative logarithms can be derived.
  The logarithm of a complex number can also be derived using this relation.  Hence, we have

ln(z)  =  ln(x+iy)  =  ln(reiθ)  =  ln(r) + iθ
where θ is the angle formed by vectors (x, 0) and (0, y) and where r2 = x2 + y2.  

Polynomial equations, even simple ones, have solutions which are surprising to those who look only for real solutions.  For example, even the very simple equation

z4 + 1 = 0

has FOUR distinct roots (consider z2 = i and z2 = -i).  In general, the Fundamental Theorem of Algebra tells us that there will be exactly n complex roots (possibly repeated) which solve an nth order polynomial equation.  Once again, it is important to remember that the coefficients on these polynomial equations can also be complex numbers, as well.  
The familiar trigonometric functions of sin(x) and cos(x) can be defined for complex numbers.  This is done in the perfectly logical manner as follows:
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where we remember that 
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IV.  Limits and Derivatives of Complex Functions

Limits in the complex system are complicated by the fact that z = x + iy depends on (x, y) and therefore one can approach zo = xo + iyo along infinitely many paths.  For example, 
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both limit to zo = xo + iyo, but do so along different paths.  Obviously, other more complicated paths are possible.  This makes it a little more difficult to define a derivative, which makes use of limits in its defintion.  
The derivative of w = f(z), if it exists, is defined by the unique limit
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where 
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, the origin, along ANY path.  
Example:  w = f(z) = z2 is differentiable.  To see this, assume (g(n), h(n)) are functions parametrized such that they limit to the origin as n
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.  The ordered pair we have assumed maps out any path to the origin and is perfectly general.  It is not difficult to show that 
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            = 2z

and thus, regardless of the path we take to the origin, the limit remains the same and thus the derivative of f(z) is equal to f ’(z) = 2z.    ■
V.  The Cauchy-Riemann Equations and Complex Differentiation

Suppose that we consider f(z) = z2 and substitute into this z = x+iy.  We can therefore write this function again in the following way:
f(z) = z2 = F(x,y) = (x+iy)2 = (x2 – y2) + i2xy = u(x,y) + iv(x,y)

where u(x,y) = (x2 – y2) and where v(x,y) = 2xy.  Now since z = x+iy, we know that
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from which it follows that 
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.  Now consider the complex derivative f ’(z).
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This of course reduces to 
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 and the result agrees with the derivative computed in the previous section using limits. 
Now suppose that F(x,y) = u(x,y) + iv(x,y) is any differentiable complex function.  What must be true about the functions u and v ?  This is the subject of the Cauchy - Riemann equations. 
First, suppose that z changes by x changing alone.  Then, assume that z changes by y changing alone.  This would give us two expressions for the derivative of 

f(z) = F(x,y).

The first (holding y constant) can be written as
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while the second (holding x constant) can be written as
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Now, the derivative of f(z) cannot depend on which way that z is changing (either by x changing alone or alternatively by y changing alone ) and so the two expressions for 
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 must be equal if the derivative exists.  This implies that 


[image: image40.wmf]y

v

x

u

¶

¶

=

¶

¶

  and that  
[image: image41.wmf]x

v

y

u

¶

¶

=

¶

¶

-


These two equalities are known as the Cauchy-Riemann Equations. 

VI.  Complex Integration
The first thing to note about complex integration is that it is done in the plane and therefore uses contour or line integration as its basis.  A strong understanding of line integration is therefore useful when discussing complex variables.  This is not so unexpected since the 2 dimensional plane in complex variables now operates analogously to the real line in elementary calculus. Instead of integrating over some interval, or collection of intevals, we must integrate along some curve or line in 2-space. 

The second thing to note about complex integration is that integration no longer implies the measurement of some area.  That is, one does not necessarily get a “clean” real number associated with an integral in complex variables.  What this inplies is that integrals cannot be ordered by size as they can be in real integration.  One cannot say that this area is larger than that area.  This is because there is no ordering of the complex numbers, unlike the reals.  Indeed, the integral of a complex function of a complex variable typically yields a complex number.  
Here is a simple example to show complex integration:

Example:  Let f(z) = z, where z = x+iy.  It is obvious that the image of the function f is not a real number; it is complex.  Now suppose that we integrate this in the x-y plane along the line y = x from (0,0) to (1,1).  We are integrating the function f(z) along the ray from the origin to the point (1,1).  This directed line segment is sometimes denoted C for curve, even though it is a straight line segment.  We assume that we move from the point (0,0) to the point (1,1), since direction is important.  Now let’s actually do the integration.
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               ■
This example shows that the complex definite integral of the complex function 
f(z) = z is itself a complex number; in fact, it is equal to z = i. 
� The logarithmic function defined on complex and negative numbers is a multi-valued function and in fact our result above only holds provided we specify the “branch” on which we are evaluating the log.  One can see this since log(1) = log(-1) + log(-1) = 2πi according to the branch we have decided to use.  The value log(1) = 0 corresponds to yet another branch. 
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