Topic #3.  Differential Calculus
I.   Introduction

Differential calculus is really a type of very precise language which allows us to describe and analyze change.  Think of all of the things that can change.  For example, if we boil water, then we change its temperature.  A growing boy or girl has a changing height and weight. Pitching a baseball changes its velocity and position. When you talk, your voice rises and falls.  All of these are changes and all can be precisely described using differential calculus.
Let’s suppose that we consider the population of a city at time t, which we can write P(t).  The variable t represents time.  Naturally, as t changes, the population P(t) will change. That is, if time changes from t1 to t2, we would find that population changes from P(t1) to P(t2).  

We can make this clearer by using the following symbols:

Δt = t2 – t1      and      ΔP = P(t2) – P(t1).
Obviously, if Δt = 0, then t2 = t1 and therefore ΔP = 0.  The “change in P” is written ΔP.  In differential calculus we are interested in the average change in ΔP over the interval Δt, and thus we are led to the ratio ΔP/Δt.   The ratio ΔP/Δt measures the average change in P over the time interval Δt.   Differential calculus is interested in this ratio 
ΔP/Δt

II.   Division by Zero?

Nothing we have written above is difficult to understand – so long as Δt is not zero.  However, if Δt = 0, then we are dividing by zero.  Division by zero is not allowed in mathematics.   Why is that?  Why can’t we write a ratio (ΔP/0)? 

Let’s suppose that we could write a unique y = ΔP/0.  It follows that 0y = ΔP.  But, we are taught that multiplication of any number by zero is zero, and therefore, ΔP = 0.
  So, it appears that the only way we can divide by zero is to have zero in BOTH the numerator and denominator.   That is, the only way that division by zero can make any possible sense is that we must have y = 0/0.  Unfortunately, the ratio 0/0 does not equal a unique value of y.  To see this, we consider the equation 0y = 0.  Which value of y will satisfy this equation?  The answer is that ANY value of y will work.  Apparently, the reason why that we cannot divide 0 by 0 is that we do not get a unique answer for y.   Thus, 0/0 = 3 and 0/0 = 4.27, etc.; choose any y value that you wish.  They all work. This is why that we say that division by zero is nonsense.   

The fact that we get a variety of answers for 0/0 may seem mysterious to you the reader. Fortunately, differential calculus provides us with a clear understanding of what is going on mathematically.  Both Newton and Leibnitz were very troubled by this problem of division of zero by zero.  To avoid contradictions, these two great thinkers decided to use things that they called “infintesimals”, which were dP and dt and which were not zero, but were allowed to get arbitrarily close to zero.  Obviously, there is something wrong with a logic which says dP and dt are not zero and yet actually become zero.  Newton and Leibnitz wrote the ratio above as
                                                             dP/dt

where dP and dt were “infintesimals” or quantities arbitrarily close to zero. The problem with this is that if dt and dP actually reach zero, then we have division of zero by zero – something not allowed because there is no unique answer.  Remember, division by zero is nonsense. 
Now, it seems that all of this is very academic, but in fact it highlights a continuing practical problem we have in physics and philosophy.  The issue is what happens when things get smaller and smaller?  Is it possible that space cannot be infinitely divided?  Is it possible that there is some interval in the real world which is so small that it cannot be subdivided? If not, then space in the real world (and not some ideal mathematical world) is truly continuous.  If so, then the real world is ultimately composed of incredibly small discrete parts. What would those discrete parts look like geometrically?  In fact, this is related to the combinatorial problem of tessellating a plane.
 
Richard Feynman once commented that space may be like a huge checker board of red and black spaces.  This would seem to be a discrete description of reality.  Could he be wrong?  This tension between discrete and continuous is highlighted in quantum electrodynamics where photons and electrons appear to have both wave and particle characteristics.  Certainly, we are able to discern things down to 10-15 cm and thus division of intervals can go as small as that.  But, can we divide things forever….no one knows.  Apparently, our common sense ideas derived from experience fail us as we get smaller and smaller. 
For those who have inquiring minds, it may be conjectured that if 0/0 can be any type of number, then maybe ∞/∞ can be any number.  Without trying to delve into the meaning of ∞ too closely, the answer is yes.  And, differential calculus can show us the logical reasoning why this ratio can be a particular number. 

In short, mathematicians do not allow us to divide zero by zero.  Neither do they let us divide ∞ by ∞.  Instead, they look at how the ratio behaves as both top and bottom of the ratio go to zero together, or go to ∞ together.  In other words, they look at the limit.  

III.  Limits and Derivatives
Suppose we defined the sequence of numbers xn = 1/n.  It should be obvious that as n gets bigger and bigger, xn gets smaller and smaller.  In fact, xn gets as close to zero as we wish by going far enough out in the sequence.  It is clear that xn approaches zero as n gets larger.  We say that the limit of xn is zero. We write this as 
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and we say the limit of the sequence xn is zero.  Realize now that xn never reaches zero.  It is always larger than zero, but can be made as close to zero as one wishes.  For example, if you wanted the difference between zero and xn to be less than or equal to 0.001, then we would just choose n to be greater than or equal to 1000.  
As another example, assume xn = n/(2n+1).  Here we find that as n increases without bound, xn moves towards ½.  It follows that the limit of xn is ½. 

Limits can be defined for deviations that go to zero, also.  For example, we can have

xδ = 3/(4-δ) and clearly xδ goes to ¾ as the deviation δ goes to zero. For this kind of limit we write  
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Limits can also be defined for functions.  Let’s take the example  f(x+δ) = (x+δ)2.  It should be obvious that this function limits to x2 when δ goes to zero.  Furthermore, it should be clear that f(x+δ) – f(x) = (x+δ)2 – x2  and naturally limits to zero as δ 
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Now consider the ratio 
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Note that the numerator of this ratio becomes 0 when δ 
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 0.  The denominator also becomes 0 when δ 
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 0.   And, therefore we get 0/0 in the limit.  Or, so it would appear.  However, if we expand out the numerator and do some canceling with the denominator, we avoid 0/0.  Instead we get the following 
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And, clearly this last expression goes to 2x as δ goes to zero.  Therefore, we can say that if f(x) = x2, then 
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Now look and see that this ratio is just the average change in f(x) over the interval δ.  As the interval shrinks to zero, we get the derivative of f(x) at the point x.  Intuitively, the derivative of a function f(x) is merely the slope of the function at the point x.  The general definition of the derivative of f(x) is written as
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Fortunately, taking the derivative of most functions is quite simple.  Here are the derivatives of some functions typically used in economics and science.

Table 1:  Functions and their Derivatives

	                    Function  
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Derivative #5 in Table #1 is called the product rule.  Derivative #6 is called the quotient rule and Derivative #7 is called the chain rule.  Clever use of Table #1 will allow you to differentiate almost all the functions you will find in economics and science.  An important exception to this arises when you must differentiate integrals such as the following:
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which makes use of Leibnitz’s Rule, not discussed here.  More complicated functions can be found involving factorials or perhaps the limit of a sequence of functions.  These are important for people working on the theoretical frontiers of economics and science. 
There are different notations used for the derivative of f(x).  If we set y = f(x), then the derivative of y (or f(x) ) can be written as dy/dx.  Thus, we often speak of
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as the derivative of the function f(x).   It is the limit of the sequence of ratios of the numerator {f(x+δ) – f(x)} to the denominator δ, both of which go to zero as δ goes to zero.  If this limit doesn’t exist, then the function f(x) does not have a derivative. 
IV.  Total Differentials

As we have seen, if y = f(x) and is differentiable, then the derivative can be written as dy/dx.   It is important to realize that dy/dx does not mean “dy is divided by dx”.  If we think this way, then we are back to the days of Newton and Leibnitz and worrying about paradoxes where dy and dx are infinitely small, or zero, or something.  Instead, we must think of dy/dx as a single symbol.  It stands for a limit, not a ratio. 
Having said this, we can write something like the following
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where c is located somewhere in the interval non-zero Δx.   In fact, this equation is merely a linear approximation to the function f(x) at the point x = c.  To see this, do the following. 

Imagine a smooth curve defined by f(x).  Now choose a point on the x-axis and call it c.  Go to f(c) on the curve and draw a straight line tangent at f(c). The equation of this line is the same as the equation above.  This linear approximation to f(x) at x = c is called the total differential of f(x).  It is often written in the convenient, but confusing form
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and the less informed student of calculus thinks that this comes from multiplying 
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on either side by dx and evaluating at x = c.  This is not right because dy/dx is not the ratio of dy to dx.   It is a limit.  When we write dy and dx in the equation above, these stand for small changes in y and x.  
Another way of writing the total differential is
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which is 
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the equation of a line (i.e. y = mx + b ).   This line is tangent to the curve f(x) at the point x = c.  Taking the total differential of a function f(x) can be very useful because of the simple structure of a line.  It is often useful to use a line to approximate a complicated function. 
V.  Multivariate Derivatives and Differentials
If more than one variable determines y, we can write
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and we say that y is a multivariate function of x1, x2, …,xN.  Note that y changes whenever any xi changes.  This makes it difficult to describe a derivative since more than one xi may change at once.  For example, x1 and x2 may both change and cause y to change.  How can we compute a derivative in this case?
The usual way we define a derivative is to hold all xi constant except for one, say xk.  We then use the single variable definition of derivative to define the partial derivative.  It follows that we can use the following as the definition for the partial derivative of 
[image: image34.wmf])

,

...

,

,

(

2

1

N

x

x

x

f



[image: image35.wmf]d

d

d

)

,...,

,...,

,

(

)

,...,

,...,

,

(

lim

2

1

2

1

0

N

k

N

k

k

k

k

x

x

x

x

f

x

x

x

x

f

f

x

f

x

y

+

-

=

=

¶

¶

=

¶

¶

®


Since this is just a formal definition, it might be useful to see how that the definition can be put into practice. 

Example:  Suppose 
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.   Applying the definition for partial derivative, we can calculate the partial derivative of the function f as: 
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Using the same form of definition, we can write
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The multivariate form of the total differential can be written as:
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which is the equation of an approximating hyperplane.  
� Multiplying any number by zero always results in zero.  No problem of uniqueness here.  


�  Tessellating a plane is like laying tiling on a floor (infinitely large).  You use a certain geometric shape for the tile and together you cover every inch of the floor with these tiles.  Obviously, a circle will not tessellate the plane, whereas triangles and squares will do the job.  There are many other shapes, as well.   
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