# 7.  Differential Equations

I. Introduction

Differential equations are equations that combine a function with its derivatives.  Such an equation can be written in the generic form 
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These (ordinary) differential equations are incredibly useful since they can be used to summarize changing phenonmena.  Not only can differentiable functions be defined in terms of their respective differential equations, one can learn about the nature of the function from the DE that defines it. 

A simple, but nevertheless fascinating differential equation is the following:
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which can be solved for x(t) as an explicit function of t with parameter α.   The solution to this differential equation can be readily seen to be 
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where A is a constant equal to x(0), the so-called initial condition on x(t).  You can verify that x(t) is the solution by substituting the function above into the differential equation.  If the equation holds identically (i.e., true for all t), then x(t) is the solution.  The derivative is sometimes written in a concise way
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so that the above differential equation can be written as
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and this shows clearly that the growth rate of x is a constant, i.e., 
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which is just the original differential equation in different form. 

Differential equations can be used to model fairly complicated social and natural processes.  They can model among other things the trajectory of a bullet fired from a gun, the amount of a drug dispersing through the human body, or the behavior of the debt to GDP ratio of a country.  As always, we must remember that the very exact paths resulting from DEs are meant as an approximation to the behavior of real phenomenon. 

II. Second Order Linear Homogeneous Differential Equations with Constant Coefficients

The general form for a second order linear homogeneous differential equation with constant coefficients is given by 
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This type of equation is quite often used in applied studies.  We focus on its solution since it is easy to generalize the method of solution to handle DEs of higher order.

The general solution of the homogeneous differential equation above is accomplished by first finding the roots of the characteristic equation associated with the differential equation.  This equation can, in turn, be written as
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which is a quadratic equation yielding two (possibly complex or possibly identical ) roots, z1 and z2.  If z1 is complex, then z1z2 will be a real number.   That is, complex roots come in complex conjugate pairs. 

Next, provided that z1 ≠ z2 , we can write the general solution as
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where the A1 and A2 coefficients are (possibly complex) constants detemined by two conditions given on x(t), say x(0) = xo and x(1) = x1.  If the two roots are identical, the solution can usually be written as
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where z = z1 = z2.  Note that the structure of the solution makes a number of different behaviors of the solution possible.  That is, xt may increase monotonically or it may experience explosive or damped oscillations.  Combinations of these behaviors are also possible. 

Example:  Suppose that we have the linear homogeneous second order differential equation, 
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where x(0) = 1 and x(
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.  The characteristic equation can be written as
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which leads to z1 = 
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 and its complex conjugate z2 = 
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.  The solution can be written in general terms as 
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But, we can simplify this expression as well. The first exponential part can be written as 
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 while the conjugate part can be written as 
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  This means that the general solution for xt becomes 
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since cos(-θ) = - cos(θ) and sin(-θ) = sin(θ).   Next, using the initial conditions we can show that A1 = A2 and A2 = 
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.  This implies that the general solution to the original differential equation is equal to
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This is the solution we were seeking   ■

III.  Second Order Linear Differential Equation as a 2 x 2 First Order System
The purpose of this section is to show that any second order linear differential equation can be transformed into a two by two system of first order differential equations. To see this, suppose that we have a typical second order linear DE given by
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This can be transformed to a system of first order equations by assuming y =
[image: image24.wmf]x

&

 and therefore we can write in matrix form 
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Note that
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, and this is how we effectively eliminate the second order part of the original DE.  A similar type of trick will reduce an nth order linear differential equation to a system of first order DEs.  How do we solve this sytem of differential equations? 

To begin with, suppose that we find the eigenvalues of the coefficient matrix in the above system.  This means we must find z such that


[image: image28.wmf]0

1

2

1

=

-

-

z

z

f

f


which leads to the characteristic equation 
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This is the same characteristic equation found in Section II above.  It follows that the characteristic roots of the charateristic equation in Section II is precisely the same as the eigenvalues of the coefficient matrix in the 2 x 2 first order system in Section III.  Let's suppose that the roots of this determinant are z1 and z2.  For generality, suppose that 
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and therefore the system can be written as
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The solution to this first order system will be
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where A = 
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Note how that the solution to x(t) is again equal to 
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If z1 and z2 are negative real numbers, then x(t) will converge to zero as t goes to infinity.  This means that x* = 0 is the long run equilibrium value of x.  It will be stable if the eigenvalues all have negative real parts.
 

III.    Phase Diagrams

A useful tool for analyzing the qualitative properties of differential equations is the phase diagram. For example, it can be a useful expository device in the theory of economic growth and in macroeconomics.  Indeed, it is completely indispensible in modern dynamic economic analysis.  Scientists use phase diagrams to get an idea of the general behavior of the dynamics impiled by complicated, often nonlinear, differential equations. 

Suppose that we have again the system of differential equations
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The equilibrium of this system is 
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since 
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.  In addition, the system is such that if 
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, then by differentiating both sides of the system with respect to time and by successive substitution, we can see that all higher order derivatives of y and x are zero, also.  We say that the point (y,x) = (0,0) is a stationary point of the system.  This stationary point results naturally from the intersection of two lines.  The two lines are obtained by setting 
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and therefore the first line is 
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 which we denote 
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 while the second equation is 
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 and is y = 0.  We therefore we have two equations

Equation 1   
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Equation 2   
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We can draw these two lines on a single graph in the following way:
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Note that if we take the first equation (i.e. 
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) and hold y constant at any level, then moving off of the line
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, and therefore y is increasing over time.  Similarly, y will be decreasing over time to the left of the line (
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).  We denote this with small arrows throughout the diagram, as shown below.

One must imagine that every point in the diagram can be classified as belonging to one of  three sets: (1) those points above the line, (2) those point on the line, and (3) those points below the line.  This means that every point in the diagram will have an arrow.  The points on the line will be added shortly.  
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When we consider the second line (i.e., 
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), which coincides with the horizontal axis,  holding x constant at any level and allowing y to increase brings us above the x-axis.  On or above the x-axis, we have
[image: image74.wmf]0

³

x

&

, since 
[image: image75.wmf]0

³

y

&

. On or below the x-axis, which in this particular case is the same as the (
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.  Thus, x is increasing above the x-axis and decreasing below the x-axis.  We can add these arrows of change to the diagram above to get a new diagram.
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Note that these direction arrows that signal change in the position of the point (x,y) over time demonstrate that except for one path, all other paths lead away from the stationary equilibrium (x,y) = (0,0).   
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The red line shows the one stable branch.  Any point on the red line moves monotonically to the stationary equilibrium point (0,0).  However, this is not true for any other point.  All other points lie off the red line and on unstable branches.  Over time, these points move towards the blue line and (asymptotically) run off to positive and negative infinities.  Such points will curve in and get ever closer to the blue line as they move off towards infinity.  This shows that the point (0,0) is unstable.  That is, once one moves off the red line, one does not return to it or to (0,0). It is important to realize that point on the red and blue lines are moving over time.  On the red line they are moving towards the origin.  On the blue line they are moving to positive infinity, if they are to the right of the origin and to negative infinity, if they are to the left of the origin. All other points are moving towards the blue line in a curved and asymptotic fashion.    

� Stability of the long run equilibrium for variable x(t) requires that the real parts of the roots zi be negative.  Our example has roots greater than zero, therefore x = 0 is an unstable equilibrium.   


� We have used the familiar formula eiθ = cos(θ) + i si(θ).  


� This means that if z is complex, say z = a+bi, then "a" must be negative.  The imaginary "b" part is asymptotically inessential, since it governs the frequency and not dampening of the oscillation.  
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