#7.  Infinite Series

I.    Introduction

An infinite series is the limit of a sequence of finite sums.  For example, we can define the finite (or partial) sum of the terms ai, for i = 1,2,3,…,N as
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which must be finite.  We call SN a partial sum and S1, S2, …, SN taken together is referred to as the sequence of partial sums.   The infinite series, if it exists, is defined as
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This infinite series should not be viewed as actually adding together infinitely many things; since one could never finish such a task.   Rather it is a limit, often never reached, of the partial sums.
  These partial sums siddle-up arbitrarily near the limit of the partial sums.  Many people wrongly think that an infinite series is a formalization of the process of adding infinitely many things together.  It is instead a limit of partial sums, where each term in the sequence is the adding together of finitely many things.  At no time are infinitely many things being added.  The point of the limit is to avoid having to say that infinitely many additions are being done. But, while such infinity is never reached, many people nevertheless find it useful to think of infinite series as an infinite summation. 
When an infinite series exists we say that the series converges.  What this means is that the sequence (of partial sums) limits to something which is finite and unique.  In fact, it is the sequence of finite sums which converge.  An infinite series which does not converge is said to be a divergent series.  A series which converges when each term of the series is replaced by its absolute value is said to be absolutely connvergent.  A series which is not absolutely convergent, but which is nevertheless convergent, is said to be conditionally convergent.  Loosely one can say that absolutely convergent series are ones that behave much like finite sums.  By contrast, conditionally convergent series are totally non-intuitive.  For example, by simply rearranging the terms of a conditionally convergent series, one can make the series limit to any real number.  Despite these peculiarities, infinite series are immensely useful and sometimes indispensible in mathematics. 

In addition to infinite series defined in terms of constant terms, mathematicians are interested in the series representation of functions.  The most common of these is the power series representation of functions.  A power series representation of a function can be written as 
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This series is naturally defined as the limit of partial sums of the power series. The power series does not always converge for all values of x.  In addition, not all functions have a power series representation.  
I.  The Geometric Series

Among all infinite series, the geometric series is the most familiar and the most often used.  The geometric series is defined as
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for -1 < x < 1.  A closed form solution exists for this series and is equal to 


[image: image5.wmf]å

¥

=

0

k

k

x

=
[image: image6.wmf]x

-

1

1


which can be verified using synthetic division.  It is interesting to note that if we differentiate both sides of this equation, we get
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and therefore
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which implies that the mean of a geometric probability density can be written


[image: image11.wmf])

1

(

)

1

(

1

)

1

(

)

1

1

(

2

0

x

x

x

x

x

x

kx

k

k

-

=

-

-

=

-

å

¥

=


for -1 < x < 1.  This formula is useful in computing the mean lag for geometrically declining weights in a distributed lag model in econometrics.

The geometric series is also useful since any series which is ultimately bounded by the terms of the geometric series must also converge.  We can compare the end terms of the geometric with the end terms of another series to help determine whether the series converges.  Although this method of determining convergence does not always work, it is fast and easy when it does work.

There are other methods of determining whether or not a series converges.  We will look at these in a later section. 

II.  Series Expansion of Functions of a Real Variable

An important tool taught in all undergraduate calculus courses is the polynomial series expansion of a function f(x) about the point xo.  This is referred to as a Taylor Series. 

To expand a function about the point xo, if it can be done, we write the function as the following:


[image: image12.wmf]L

L

+

-

+

+

-

+

-

+

-

=

!

)

(

)

(

)

(

!

2

2

)

(

)

(

'

'

!

1

1

)

(

)

(

'

!

0

0

)

(

)

(

)

(

n

n

o

x

x

o

x

n

f

o

x

x

o

x

f

o

x

x

o

x

f

o

x

x

o

x

f

x

f


where 
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 is the nth derivative of the function f(x) evaluated at x = xo. 
The expression n! is defined as n! = n(n-1)(n-2)…321.  Therefore, 3! = 6 and 4! = 24.  The zeroth factorial 0! = 1. 
The Taylor series is useful for approximating a function using 2 or three terms from the series.  That is, if f(x) can be expanded using a Taylor series, then we can approximate f(x) by the following:
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This is called a quadratic approximation since we are using the first two derivatives.  A linear approximation would use the first derivative only.  We can write this as

[image: image15.wmf]!

1

1

)

(

)

(

'

!

0

0

)

(

)

(

)

(

o

x

x

o

x

f

o

x

x

o

x

f

x

f

-

+

-

»


This last approximation uses a line to approximate the possibly nonlinear function f(x) in a neighborhood of the point xo . 
Example:  Linearly approximate the function f(x) = ln(1+x) about the point x = 0.

The Taylor series expansion of ln(1+x) about the point x = 0, truncated to the first derivative, can be written as


[image: image16.wmf]x

x

x

f

f

x

x

f

=

-

+

+

=

-

+

»

+

=

)

0

)(

0

1

1

(

)

1

ln(

)

0

)(

0

(

'

)

0

(

)

1

ln(

)

(


wherever |x| is sufficiently small.  Therefore, we can say that 
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. This example is useful when we discuss inflation or growth rates.  Suppose we let 
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where Pt is the price level at the end of period t.  Therefore, x is the inflation rate for the period t.  An approximation can therefore be written as
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.  This approximation is often used in economics and econometrics, although it is only valid for small rates of inflation or growth. 
                                                                 ■
� The sequence 1,1/2,1/3,1/4,… limits to zero, but never reaches zero.  However, the sequence 1,0,1/2,0,1/3,… reaches its limit infinitely many times, but still has infinitely many terms that differ from the limit.  The sequence 1,2,0,0,0… limits to zero and reaches the limit after the second term. 
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