#4.  Integral Calculus

I.  Introduction

The subject of integration is a proper subset of general measure theory.  Measure theory is concerned with assigning numerical measures to arbitrary sets of elements.  For example, if A is a set, then m(A) is the measure of set A and is some non-negative real number.  One can measure sets in a variety of ways.  For finite sets, we might count the number of elements, choose the largest element, sum the elements together, or we might take the absolute value of the difference between the largest element in the set and smallest element.  There seems to be no limit to how we might assign a numerical measure to a given set.  Integration looks at one special way of measuring (possibly infinite) sets of points or numbers.  Using our definition of integration, we will find that we can find many types of areas, such as the familiar area of a circle or even the total area enclosed by some complicated boundary.

The mathematical theory of probability is also a subset of measure theory and is related to integration.  It assigns a measure (between zero and one) of the probability that anything in set A will occur.  We denote this as P(A) and call it the probability of A.  Integration will be useful in computing such probabilities. 

II. Adding Up Infintely Many Negligible Parts

The most important idea in differential calculus was seen to be the notion of change.  Change is expressed as a difference.  For example, the difference bewteen the population of a city now and a year later. We expressed this as ΔP, where P(t) stood for the population at time t.  We noted that as time changed, Δt, then population would change, ΔP.  The average change could be written as 

ΔP/Δt

and if the change in time, Δt, were allowed to approach zero, then ΔP would similarly approach zero and we would get the derivative of P with respect to t, which we could write as 

dP/dt.

Suppose now that we wanted to ask the amount of cumulative change in population that occurred between two times, say T1 and T2.  The interval (T2-T1) is not zero.  It is just some finite interval of time, like one year.  One way to determine this is to add up the change in population that occurs each month during the interval.  Alternatively, we could add up the change that occurs each week, or each day, or even each second.  If we added up the change that occurred to the city's population each second for one year, we would have to add a total of 31,536,000 separate changes – one for each second during the year.  We could write this as

 Cumulative Change in P between T1 and T2 

 =  ΔP1Δt1 + ΔP2Δt2 + …+ ΔP31,536,000Δt31,536,000.

                   =  
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where each Δti stands for the ith second and ΔPi the change during that second.  Clearly,  Δt1 + Δt2 + …+ Δt31,536,000  =  (T2 – T1) measured in seconds. 

Now, if we continue to subdivide the time change interval into half-second, millisecond, etc., getting smaller and smaller, we see that both Δti and ΔPi approach zero.  We are now into the confusing problem of adding up infinitely many things that are approaching zero. Once again we must confront the problem of combining mathematically infinitely large and infinitely small numbers.

As with differentiation, the solution to this seemingly paradoxical problem of adding up infinitely many negligible parts is the concept of a limit.  What is more amazing is that we will find that differentiation and integration are very closely related. The fact that differentiation and integration are closely related will allow us to "add-up" or integrate a variety of complicated functions.  It will let us determined the areas of quite complicted geometrical figures. 

III. Limits and Integration

The section above showed that we can approximately measure the cumulative change in population P(t), from time T1 to time T2, by adding up the small changes in the city's population each second.  This is fine, except for changes in population that occur between seconds.  Our finite summation misses these changes.  Naturally, the finite sum approximation will be very close.  Very few births, deaths, entrys, or exits will occur between the seconds we are measuring.  However, from a purely mathematical point of view, such changes are possible.  If P(t) can change continuously at ANY time, then our finite approximation will be wrong.  It will not be exact.

You may feel the finite sum above is sufficient for all purposes.  After all, the world is not so perfect and continuous. You may say that it is impossible to keep dividing time and population down ever smaller.  This is a philosophical point that we have mentioned before.  Is the world discrete or continuous?  Mathematics cannot tell us the answer to this debate, since mathematics only deals with the logical relation between assumptions.  In other words, there is no real world in mathematics, there is only the mathematical game one is playing.  Mathematics can be useful as a means of approximating the real world though.  Whether it is useful or not will depend on the real world phenomenon we are considering. 

Now suppose that we have a function y = f(x) defined on a domain [a,b].  We wish to find the area laying below this function between the endpoints a and b.  We subdivide the interval into N parts (say a=xo,x1,…,xN=b) and consider the finite summation:
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which is called a Riemann lower sum.
 Now consider the following limit:
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If this limit is unique for both lower and upper Riemann sums, then we define the definite integral of f(x) from a to b to tbe equal to S.  We write this integral as
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The integral of f(x) does not always exist.  The meaning of this statement is that the limit of SN may not exist or may not be unique.  This will depend on the function f(x).  In general we can say that if f(x) is continuous on [a,b], then the integral of f(x) will exist. 

Example:  Suppose that y = f(x) = 2x on the interval [0,1].  We want to find the integral of f(x) over [0,1].

Let's suppose that we partition the interval [0,1] into N equal parts, which we can write as (0 = xo,  x1=1/N,  x2 = 2/N, … , xN-1 = (N-1)/N,  xN = 1)  Now, consider the Riemann lower sum
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It follows that we can write the definite integral as 
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This is precisely the area of a triangle formed by the line l(x) = 2x going from x = 0 to x = 1.  ■

IV. The Fundamental Theorem of Calculus and Indefinite Intergals

We have seen how that integration is actually the limit of a sum called a Riemann sum. The sum gets longer and longer, while the terms of the sum get smaller and smaller.  It appears that we are adding up infinitely many negligible things.  However, we never really add up infinitely many things, which is impossible.  Instead, we watch how the sequence of partial (finite) sums get closer and closer to a limit.  This limit, which is never reached, but acts like a barrier to the partial sums, is the definition of the integral.  It is the limit of the sum, and we write the definite integral as
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Note how that we have written the definite integral this time.  Compare it with the definite integral in Section III above.  The index "x" has been replaced by the index "s".  But this is just a notational change without any other meaning. The two definite intergals are exactly the same.  We could have used the index "x", "s", or "u".  It really doesn’t matter what letter we use. This is exactly analogous to sums that use different indexes.  For example, it is certainly true that
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since it doesn’t matter which letter we use to index the a's in the sum. Likewise, we can write
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since this merely shows the index which we are using to add up.  Another point to make is that the definite integral above is equal to S.  That is a number.  It does not depend on x, s, u, or i.  It cannot depend on the index in the integral, since the index is merely used to distinguish terms in the sum.  In fact, we should say that S depends on a and b, which are called the limits of the integration. We integrate between a and b, which means we look at the limit of partial Riemann sums going between the endpoints a and b.  If a or b change, then S will generally change.  But, it is not true that x, or s, or u, or i will change the integral S. 

The integral of f(s) should be thought of again as a single symbol, although there are many leters and symbols of which it is composed.  It is not a sum or an infinite sum or some infinite accumulation.
  It is a limit of partial sums. If these partial sums do not have a limit, then there is no integral.  The integral simply does not exist. 

Now, suppose that we consider the following definite integral:
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This time we can say that S depends on x, since x is one of the limits of integration. The letter x stands for one of the endpoints of the integration; the upper endpoint, in fact.  We could, if we wanted, show that S depends on x and a by writing S = S(x,a).  If we think of "a" being a constant which never changes, then we could suppress the "a" and simply write S = S(x) for the integral above.  Therefore, it will be convenient to write
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 while recognizing that "a" can also affect S. 

What is the relation between the function S(•) and the function f(•) in the above definite integral?  The amazing fact is that f(x) is just the derivative of S(x). That is, 
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which is sometimes called the Fundamental Theorem of Calculus.
  It is probably the most important result in all of calculus; hence the name.  Most students have a hard time understanding the importance of this result. 

Now, suppose that we have a function F(x) and we know that the derivative of F(x) is equal to f(x).  Thus,
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for all values of x.  For example, if F(x) = x2 + 3, then f(x) = 2x.  As another example, if F(x) = xln(x) – x, then f(x) = ln(x). Still another example mght be 

F(x) = ex, where f(x) = ex + Co and Co is a constant. 

Now consider the following argument:
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since the other terms in the partial sum cancel
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  since neither F[x] nor F[a] depend on N. 

Therefore, we can say
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  where C = - F[a] and is just a constant.

Since "x" and "a" are arbitrary, we often omit them and simply write things using the same index, "x", as an indefinite integral in the following way
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In fact, the two expressions directly above are the same. The use of the same index "x" is confusing, but it is very common.  Nothing wrong with it, as long as we understand what is going on.  Sort of like, David is one person and David is another person.  The names are the same (David), but the two people are still different.  Likewise, the two x's are being used in two different ways – one as an index and the other as a variable.  In this sense, the two x's are not the same. Perhaps a better way of writing this would be to write  
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V. Improper Integrals

The definite integral we discussed earlier was taken between two finite limits.  That is we defined the definite integrals to be 
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where a and b are finite real numbers.  It is possible to consider this type of definite integral as a → ∞, as b → - ∞, or as both grow unbounded.  For example, it is possible to let b grow unbounded and see how that the integral limits. We can write
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This integral looks as though we have simply substituted ∞ for b, but in fact the improper integral should be seen as a single symbol showing the limit to which the sequence of definite integrals converge.  This limit is never reached, since ∞ is never reached.  Rather the limit (i.e., the improper integral) is something which can be approximated to any degree of accuracy by a definite integral whose value of b is sufficiently large. 

  The limits of these definite integrals (when such limits exist) are called improper integrals.  Improper integrals are of one of the following three types
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Example:  The following improper integral is useful in statistics since it leads directly to the Cauchy probability distribution.
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To carry out the integration above, we have used the method of trigonometric substitution with x = tan(θ).  Note that because the integrand is 
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, the integral will double, if taken over the entire real line (- ∞, ∞).  That is, we can write


[image: image31.wmf]ò

¥

¥

-

=

+

.

1

)

1

(

1

2

ds

x

p


which proves that the Cauchy probability density function does indeed integrate to unity.  This example is also interesting because it shows that an improper integral can be transformed to a proper definite integral.   ■ 

� The Riemann upper sum is obtained by replacing f(xi) by f(xi+1) in the formula. 


� From an intuitive point of view this notion of the integral as an infinite sum or infinite accumulation is perfectly alright.  It will be useful for economists and scientists at times to see the integral in this way.  But, from a mathematical point of view, an integral is a limit.  Infinite additions, like division by zero, are not allowed in mathematics—at least in calculus.  They make no sense. 


� There are conditions which must be met in order to get this result. The conditions are
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