Topic #3.  Linear Algebra and Matrix Theory
I.   Why Linear?

The simplest equation, involving two variables, is a linear equation, which we can write as 
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an equation without an intercept or constant term.
  It simply says that x and y are proportional to each other, always.  The coefficient “a” in the equation may define the strength of the impact of x on y or it may simply be just a scaling parameter.  For example, if x is a quantity of NT$ and “a” is the NT$ price of the US$ (i.e., the foreign exchange rate in Taiwan), then y is an equivalent quantity of US$.  Note, that we are assuming “a” is constant with respect to x and y in the equation.  If “a” depends on other variables (say z or w), then the equation is linear only if these other variables are held constant.  In economics, we call this a ceteris paribus assumption.  
A linear equation is special for two reasons: (1) adding any two linear equations together gives another linear equation, and (2) multiplying any linear equation by a number, say β, results in another linear equation.  This means that we can combine equations very easily.
Linearity is also useful because it simplifies our world.  Most of the time, we use linear equations, not because we want to do so, but because we have no choice.  The error in approximation is the price we pay for trying to consider problems that are intrinsically difficult to solve.  In some cases, it is not worth the effort.  The approximation is so bad that we might as well avoid using mathematics altogether.  We should instead use some other form of reasoning.  But, in other cases, it affords us a chance to get reasonably close answers to our questions.  

Of course, things in the world are not linear. They are not even remotely linear. Things are very nonlinear, in fact.  One only needs to look at the human body with its graceful curves, or the mountains and valleys that make up the world’s topography, or the motion of the water in the oceans moving back and forth, to see that the world is nonlinear.  Nevertheless, everything is nearly linear; provided we look at only a small part of it.  You know this is true already.  Look at the earth.  It is very nearly a ball.  Yet, you treat it as a flat surface in your everyday life. The reason is that you are small compared to the change in curvature of the earth.  If you were ten thousand feet tall, you would have a drastically different view of things.  Instead, you are no doubt of normal size and act like everyone else -- you approximate the outside of the curved earth near your location with a flat plane.
Another important advantage of linearity is that any linear combination of normally distributed random variables is itself a normally distributed random variable.  That is, a linear combination of random variables having a bell shaped distribution is itself bell shaped.  This greatly simplifies the analysis of factors impacting a particular phenomenon.  It allows us to make inferences that can be couched in probabilistic terms—such as “the chance of this is one in five”.  Scientific discussions are nearly always discussed in these terms.  We can never say that something is definitely true; only that it occurs with a very high relative frequency.   We use statistics to help to measure the degree of uncertainty we have about a particular phenomenon or process.  Linearity greatly simplifies this.
We can generalize the simple linear function above to a multivariate linear function, by writing it as


[image: image2.wmf]k

k

X

X

X

Y

a

a

a

+

+

+

=

L

2

2

1

1


where the
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 are assumed to be constants with respect to the variables Y and X’s.  Rather than being the equation of a line, this function describes the equation of a hyperplane.  

In physics, we would say that this equation defines a scalar field since each point (X1,…,Xk) 
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 Rk has a unique scalar Y associated with it.  More complicated types of scalar fields are possible, with Y = g(X1,…,Xk) possible a non-linear function. 
The equation of a hyperplane can be further extended to a system of multivariate linear equations -- one equation for each different variable Yi,  for i = 1,2,3,…,N.   We write this as
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This system of linear equations is very useful for modeling a stable relation among a group of variables.  In econometrics, after appropriate randomness is added,  this system is the logical generalization of the notion of correlation between two variables to a correlation between one set of variables (viz., the X’s) and another set of variables (viz., the Y’s).  Naturally, we can add constants to each of the above equations.  In econometrics we add separate random disturbances to each equation to obtain what is called a simultaneous equations econometric model. 
In physics, we would say that the system of equations above defines a vector field with each point (X1,…,Xk) 
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 Rk having a unique vector (Y1,…, YN) 
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RN associated with it.  It is a particularly simple type of vector field since the field is defined by the matrix of constant coefficients (i.e., the α’s).  
II.   Real Vector Spaces
A column vector is an ordered n-tuple that can be written as
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where each xi is called a component of the vector and may be either a real number or a real vector itself.   The transpose of the column vector X is denoted 
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  and is a row vector written as
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The square of the length of real vector X is defined as
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which means that the length of the vector can be written as
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A unit vector is one which has unit length.  Any nonzero vector X can be normalized to a unit vector by writing
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Unit vectors are important to the study of vector differential calculus. 
Note, that any two (non-identical) vectors, say X and Y, will determine a unique plane in which the two vectors lie.   This is true, regardless of the size of n, the number of components in the vector. 

The dot (or scalar) product of two vectors X and Y is defined as
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where θ  is the angle between the two vectors lying in a plane.  If the two vectors are perpendicular, then the dot product is zero and θ = 
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.   If the two vectors are identical (i.e., X = Y), then θ = 0. 
If Y and Z are perpendicular to X, then any linear combination of Y and Z is also perpendicular to X.   The same is true for any number of vectors, not just two.   This fact is important in least squares regression theory where a particular linear combination of vectors is chosen to be perpendicular to the estimated error vector.  The combination is chosen to make the norm of the estimated error vector smallest – hence the name least squares. 
The dot product is related to cos(θ) where θ is the angle between the two vectors lying in a unique plane formed by the two vectors.  One might well ask whether there is an analogous expression involving sin(θ).  The answer to this is that yes there is such an expression, but we must first define the cross product of two vectors.

In R3 the cross product of X = 
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 and Y = 
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is defined as
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A key concept in linear algebra is the notion of linear independence of a collection of vectors. 
The vectors X1, X2, …, Xk are linearly independent if
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One can think of this as saying that each vector carries information that cannot be duplicated by any linear combination of the other vectors.  It is distinct from the others, as well as any linear combination of the other vectors.  Another way to think of linear independence is that a linear combination of vectors is, of course, a vector which has both magnitude and direction.  Thus, each vector from a set of linear independent vectors has a unique or nonreplicable direction.  In other words, the direction cannot be replicated via a linear combination of the other vectors in the set.  It follows that the maximum number of linearly independent vectors in a 2-dimensional space is 2 (since there are only two unique directions), in a 3-dimensional space is 3, and so on.   Furthermore, any vector in n-dimensional space can be written as a linear combination of n linearly independent vectors.  The reason for this is again the notion that a vector has magnitude and direction.  That direction must be capable of being duplicated by the n linearly independent vectors, each of which point in a unique or nonreplicable direction.
In an n-dimensional vector space, n linear independent vectors form a basis.  A basis is a set consisting of the minimum number of linearly independent vectors which span the space (i.e., replicate any other vector).  The canonical basis in n-space is defined as 
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  and is sometimes written as   {E1,E2, …, En}.
Any vector in n space can be written as a linear combination of the canonical basis. For example, 
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A canonical basis is orthonormal since the vectors are pairwise orthogonal or perpendicular and each vector has unit length.  Any orthogonal basis can be converted to an orthonormal basis by multiplying each vector, respectively, by the inverse of the square root of the length of the vector.  
�  If we added an intercept term, b, then we would have y = b + ax, which is called a linear affine function. 
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